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Scaling of technology leads to both a countable number and random position of dopants in the channel region (Fig. 1), 
known as random dopants fluctuations (RDF), which affects vital device and circuit performance parameters (delay, 
transconductunce, etc). RDF causes large variations of performance between similar transistors on the same die. The variations 
of the threshold voltage have been ruminated and examined not only experimentally but also numerically, through the use of 3-
D atomistic level simulators [1]-[2]. However, existing simulation methods and analytical models for RDF fail to meet the 
requirements for small computational time and accuracy simultaneously. In this paper we propose a fast and accurate 
analytical model and a corresponding simulator which captures the 3-D effects.
In the proposed approach the variations of threshold voltage and surface potential are modeled by considering a non- uniform 
doping profile of the channel region. We consider the contribution of all the dopants to the surface potential. This is necessary 
because for small transistor dimensions, each discrete dopant contributes significantly towards device performance parameters. 
To begin with the description of the proposed approach the channel region of each transistor is divided in 3-D grid and discrete 
dopants are statistically positioned in this grid. Specifically a Bernoulli random variable Xi is used to indicate the existence or 
not of a dopant at the mesh point ‘i’. Note that all of these random variables follow the same probability density function (pdf) 
which is a function of the doping, NA. Regarding the analytical calculation of the surface potential, we do not solve Poisson 
equation in 3-D but rather we use the potential definition (Coulomb’s Law) in which the potential contribution of each atom to 
a point on the surface is considered. Hence the total potential at a point on the surface is given by ? ? ? ? ? ?XA ??? , where 
? ? ? ?TNXXXX ?21?  and ? ?  are random variable vectors for the dopants and the surface potential, 
respectively. Furthermore, the elements of matrix [A] are given by 
? ? ? ? ? ?? TLK ,2,11,1 ????? ?
? ?? ? ?? ??? ?1??'1),( ,,4/ ? ?? ????? ??? yxRyxRq iii  , where Ri is the 
distance between the dopant ‘i’ and the surface point (?,?), whereas R’i is the distance from the image charge ‘i’ to same 
surface point. The above formulation ensures the satisfaction of the boundary condition, according to which the potential at 
depth equal to the depletion width is zero. From the above is clear that the potential random variables are correlated and their 
joint pdf is a multivariate Gaussian distribution given by ? ? ? ?? ? ? ? ? ?? ?MM TLK ?????? ??? ??? 1212/1 exp2f ?? . M is the mean value, 
given by ? ?  and ? is the covariance given by ? ?
r
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? ? ? ? ? ? ? AAppCov ????? 1 ? ?T . N? ote that the key 
difference that allows to this model to be more accurate from other existing analytical approaches is that it takes into 
consideration the correlation of the potential from point to point (Fig. 2), taking into account all the dopants close to the surface. 
The proposed surface potential model can now be used for defining transistor threshold voltage. In contrast to the existing 
methods which use percolation paths from the source to drain contact [3]-[4] or the drain-source current to extract the threshold 
[5], in this paper we simplify the definition of threshold voltage by assuming that the electrons move from drain to source 
contact laterally. This assumption reduces further the complexity and has minor impact on the accuracy of the model as can be 
observed from the results. For the analysis we divide the channel in parallel “lanes”, assuming that electrons do not change their 
“lane”. This is equivalent to a 1-D channel (Landauer model) for which it is easy to determine the threshold voltage by just 
taking the maximum surface potential across the “lane”. Such formulation is described mathematically by 
? ? ? ? ? ?? ?????? ,2,1, ,,,max iiiiY ?  for all L different “lanes”. Finally, since all the “lanes” have the same width, the transistor’s 








In order to prove the efficacy of the proposed model we performed 10000 Monte Carlo simulations on various sized 
transistors with different doping profiles and we obtain distributions for various transistor parameters. In Fig.3 the statistics for 
the concentration, which is defined for each transistor as the total number of dopants divided by the channel region volume is
plotted. It is observed that concentration converges to one value (the doping concentration NA) as the size increases. Further, by 
varying the W and the L parameters of the transistors and the doping, we obtained different distributions of threshold voltage as 
shown in Fig. 5-6. It can be observed that as the transistor size increases the threshold variation decreases and as the doping 
increases, the average threshold (and their variations) increases. The proposed model is consistent with experimental data [1] 
and 1-D models [6] as shown in table 1. In Fig. 7 the technology trend is shown. Note that the proposed model can be applied to 
large devices and in the limit it converges to results taken from the analysis of uniform doped transistors. 
In conclusion, we have developed a fast and accurate transistor threshold voltage model considering RDF. The model 
succeeds in capturing the 3-D effects and it can be used for predicting electrical properties of devices in the nanometer regime. 
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(a)                                                                         (b)                                                                        (c) 
Fig. 1. A channel region showing the random position of dopands for a transistor with (a)W=50nm and L=30nm, (b)W=20nm and 
L=20nm and (c) W=15nm and L=15nm. Discrete dopands are randomly distributed for different channel sizes. 
 
(a)                                                                         (b)                                                                        (c) 
Fig. 2. The variations and correlation from point to point of the surface potential for a transistor with (a)W=50nm and L=30nm,
(b)W=20nm and L=20nm and (c) W=15nm and L=15nm. The potential decreases as the channel dimensions decrease.
  
Fig. 3. Concentration Distribution for 
different doping profiles and various 
transistor sizes. Increased size or 
decreased doping increases variations 
Fig. 4. Distribution of Vth vs dopants for 
1000 15-nm transistors. The random 
dopant position induces different Vth
even with same number of dopants.
Fig. 5. Threshold Voltage variations for 
various doping profiles.  Decreased 
concentration decreases the Vth variations. 
 
L [nm] 20 15 
W [nm] 20 15 
Doping (cm-3) 5e18 5e18 
Experimental 
?Vth (mV) 40 - 
Model in [1] 
?Vth (mV) 39 41 
Proposed 
?Vth (mV) 44 42 
 
Fig. 6. Threshold Voltage variations for 
various transistor sizes.  Decreased size 
increases the Vth variations. 
Fig. 7. Technology trend for various 
transistor sizes. Keeping W=L we vary it 
to obtain the range of (WL)-0.5
Table 1. Comparison of the proposed 
model with experimental data and existing 
simulators [1]. Results from proposed 
model are accurate and obtained fast.
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